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Ienuc Byspanos PexypCHBHEIE CXEMBI



Ham noTtpeOyroTcs
@ AnrebGpanyecKkue THUIBI JaHHBIX

Hennc Bysgamos PexypCHBHEIE CXEMBI



Ham noTtpeOyroTcs
@ AnrebGpanyecKkue THUIBI JaHHBIX

data X = K
data Y r =

| L Int | M String Int
D| EInt| Fr | Gr Int
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data X = K | L Int | M String Int
data Yr =D | EInt | Fr | Gr Int

o KogupoBanue Yepua
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Ham noTtpeOyroTcs
@ AnreOpandyecKue THIH JaHHBIX

data X = K | L Int | M String Int
data Yr =D | EInt | Fr | Gr Int

e KomupoBanue Yépua

type XT a = (a, Int - a, String —» Int — a)
data XI a = XI a (Int - a) (String — Int — a)
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Ham noTtpeOyroTcs
@ AnreOpandyecKue THIH JaHHBIX

data X = K | L Int | M String Int
data Yr =D | EInt | Fr | Gr Int

e KomupoBanue Yépua

type XT a = (a, Int - a, String —» Int — a)
data XI a = XI a (Int - a) (String — Int — a)

class XC a where
k :: a
1 :: Int = a
m :: String — Int — a
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Ham noTtpeOyroTcs
@ AnreOpandyecKue THIH JaHHBIX

data X = K | L Int | M String Int
data Yr =D | EInt | Fr | Gr Int

e KomupoBanue Yépua

type XT a = (a, Int - a, String —» Int — a)
data XI a = XI a (Int - a) (String — Int — a)

class XC a where

k :: a
1 :: Int = a
m :: String — Int — a

data YT ra =(a, Int > a, r > a, r - Int - a)
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Ham noTtpeOyroTcs
@ AnreOpandyecKue THIH JaHHBIX

data X = K | L Int | M String Int
data Yr =D | EInt | Fr | Gr Int

e KomupoBanue Yépua

type XT a = (a, Int - a, String —» Int — a)
data XI a = XI a (Int - a) (String — Int — a)

class XC a where
k :: a
1 :: Int = a
m :: String — Int — a

data YT ra =(a, Int > a, r > a, r - Int - a)

e M3omMopdhu3MbI



Ham noTtpeOyroTcs
@ AnreOpandyecKue THIH JaHHBIX

data X = K | L Int | M String Int
data Yr =D | EInt | Fr | Gr Int

e KomupoBanue Yépua

type XT a = (a, Int - a, String —» Int — a)
data XI a = XI a (Int - a) (String — Int — a)

class XC a where
k :: a
1 :: Int = a
m :: String — Int — a

data YT ra =(a, Int > a, r > a, r - Int - a)
e M3omMopdhu3MbI

X = (X—>a) Da = XTa—>a = XIa—->a= XCa=a



Ham noTtpeOyroTcs
@ AnreOpandyecKue THIH JaHHBIX

data X = K | L Int | M String Int
data Yr =D | EInt | Fr | Gr Int

e KomupoBanue Yépua

type XT a = (a, Int - a, String —» Int — a)
data XI a = XI a (Int - a) (String — Int — a)

class XC a where
k :: a
1 :: Int = a
m :: String — Int — a

data YT ra =(a, Int > a, r > a, r - Int - a)
e M3omMopdhu3MbI
X = (X—>a) Da = XTa—>a = XIa—->a= XCa=a

a—>b->c = (a, b) > ¢



Ham Takke nmoTtpelOyioTcs

o Cnucku
data [a] = [] | (:) a [a]
-- List a = Nil | Cons a (List a)
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Ham Takke nmoTtpelOyioTcs

@ Crucku

data [a]l = [1 | (:) a [a]

-- List a = Nil | Cons a (List a)
@ OYHKTOPHI

class Functor (f :: * — *) where
fmap :: (a > b) > fa—> fb
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Ham Takke nmoTtpelOyioTcs

@ Crucku

data [a]l = [1 | (:) a [a]

-- List a = Nil | Cons a (List a)
@ OYHKTOPHI

class Functor (f :: * — *) where
fmap :: (a > b) > fa—> fb

@ JIyKaBCTBO U KOJIYKaBCTBO ;-)
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O ueM mokJjian

o HapanneJm W aHAJIOTHUHU B IIPOTPaMMHUPOBaAHHUHA

@ Pekypcusa Kak TakoBas

» “O0bIyHas” peKypcus

» HeoObIuHOE IpeacTaBieHue “00BYHON” PEeKypPCUH
» Pekypcus B JaHHBIX

» AHaOTrus HeOOLIYHOTO IIPEeICTaBIeHUS

o Crucku u OepeBbia

@ PekypCuUBHEBIE CXEMBI

» Buuis: katamopduam, s3uromopdpusM, mapaMmoppum
» Baepx: anHaMmop®hu3M, atoMophu3M
» Tyma-ctopa: xunoMopdusM, meTamopprum



O ueM mokJjian

@ Bcé, uto OymeT mpeacTaBlIeHO, MOZXKHO Pealn30BaTh IO-APYyrOMYy
@ Yrto O6ymeT mpencTaBiIeHO — JIUIIb UHCTPYMEHT, ITO3BOJISIONTUHN

» o6JieryaTh BHITIOJTHEHWE HEKOTOPHIX 3amay
» (Ipu DOIKHOM BJIafIEHWH) YIPOIIATh PACCYKOEHUS O CJIOKHBIX CTPYKTYypax
» TIHCaTh KOH, B KOTOPOM CJIOKHEH OOMYCTUTDH OMIHNOKY



Pazgemn 2

Pexkypcusa
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PeKypCcuBHBIE BEIUYHUCIIEHUS

fact :: Integer — Integer
fact 0 = 1
fact n = n * fact (n - 1)
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PeKypCcuBHBIE BEIUYHUCIIEHUS

fact :: Integer — Integer
fact 0 = 1
fact n = n * fact (n - 1)

BHeIIHAS ICEeBOOPEKYPCUS

factU :: (Integer — Integer) — Integer — Integer
factU _ 0 =1
factU rec n n * rec (n - 1)
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PeKypCcuBHBIE BEIUYHUCIIEHUS

nmlist :: Integer — Integer — [Integer]
nmlist nm | n >m = [1

' n=m = [n]

| otherwise = n : nmlist (n + 1) m
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PeKypCcuBHBIE BEIUYHUCIIEHUS

nmlist :: Integer — Integer — [Integer]
nmlist nm | n >m =[]

' n=m = [n]

| otherwise = n : nmlist (n + 1) m

nmlistU :: (Integer — Integer — [Integer])
— Integer — Integer — [Integer]

nmlistU rec nm | n > m =[]
[ n=m = [n]
| otherwise = n : rec (n + 1) m
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PeKypCcuBHBIE BEIUYHUCIIEHUS

nmlist :: Integer — Integer — [Integer]
nmlist nm | n >m =[]

' n=m = [n]

| otherwise = n : nmlist (n + 1) m

nmlistU :: (Integer — Integer — [Integer])
— Integer — Integer — [Integer]
nmlistU rec nm | n > m =[]
' n=m = [n]
| otherwise = n : rec (n + 1) m

OTOenunu JIOTUKY OT PEKYPCUBHOTO BEI30BaA
Kmo 6vt 8bi3bi8an?



HemMHoOro BOIIeOCTBa

fix 2 (a —- a) — a
fix f = x
where x = f X
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HemMHoOro BOIIeOCTBa

fix 2 (a —- a) — a
fix f = x
where x = f X

fix £ =~ f(f(f..))
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HemMHoOro BOIIeOCTBa

fix 2 (a —- a) — a
fix f = x
where x = f X

fix £ =~ f(f(f..))

A HaMm HyXHa Oblyta QYHKIMS
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HemMHoOro BOIIeOCTBa

fix :: (a - a) — a
fix f = x
where x = f X

fix £ =~ f(f(f..))

A HaMm HyXHa Oblyta QYHKIMS

npumem a3za (b = r)
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HemMHoOro BOIIeOCTBa

fix :: (a - a) — a
fix f = x
where x = f X

fix £ =~ f(f(f..))

A Ham HyxXHa OblyTa QYHKIUS
npumem a3za (b = r)

fix :: (a - a) — a — ((b > r) > (b —>1)) > (b —>r)
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HemMHoOro BOIIeOCTBa

fix 2 (a —- a) — a
fix f = x
where x = f X

fix £ =~ f(f(f..))

A Ham HyxXHa OblyTa QYHKIUS
npumem a3za (b = r)
fix 2 (a > a) — a - ((b>r)y > (b>r)) > (b->r)

fix 2 (a = a) — a — ((b>r) >b—=>r1r) > (b—>r)
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fix your recursion

fix 2 (a - a) — a
((b >r)y > b—>r) > (b —>r) —a~ (b —=>1r)
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fix your recursion

fix 2 (a - a) — a

((b >r)y > b—>r) > (b —>r) —-—a~ (b —>r)
fact :: Integer — Integer
fact 0 = 1
fact n = n * fact (n - 1)
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fix your recursion

fix 2 (a - a) — a

(b > r) >b—>r1r) > (b—>r) —a~ (b ->r)
fact :: Integer — Integer
fact 0 = 1

fact n = n * fact (n - 1)

fact' :: Integer — Integer
fact' = fix $ \rec n — case n of
0 - 1

n > n*rec (n-1)
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fix your recursion

fix 2 (a - a) — a
((b—=c—=>r) > b —>¢c —=>1r) = (b>c—r) - a ~ (b=c—>r)
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fix your recursion

fix :: (a - a) — a
((b—=c—>r) > b > c > r) > (b>c—r) - a ~ (b—>c—r)
nmlist :: Integer — Integer — [Integer]
nmlist nm | n > m =[]
' n=m = [n]
| otherwise = n : nmlist (n + 1) m
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fix your recursion

fix :: (a > a) — a
((b=c—=r) > b = c —=>r) = (b>c—>r) - a ~ (b=c-r)
nmlist :: Integer — Integer — [Integer]
nmlist nm | n >m =[]
' n=m = [n]
| otherwise = n : nmlist (n + 1) m
nmlist' :: Integer — Integer — [Integer]
nmlist' = fix $ \rec n m — case () of
() [ n>m - []
| n = m - [n]

| otherwise — n : nmlist (n + 1) m
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Pazgen 3

Terneps 0 maHHBIX
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IlaHHBIE MOTYT OBITh PEKYPCUBHBLIMU

data [a] = [1 | (:) a [a]

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)
data WideTree a = WLeaf a | WNode [WideTree a]

JsonNull

JsonBool Bool

data JsonValue =
|
| JsonNumber Rational
|
|
|

JsonString String
JsonArray [JsonValue]
JsonObject [(String, JsonValue)]
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PekypcuBHBEIE TaHHBIE — PEKYPCUBHBLIE QYHKIINHU

data [a]l = []1 | (:) a [a]

filter :: (a — Bool) — [a] — [a]

filter _ [] = [1

filter f (x:xs) = if f x then x:tl else tl
where tl = filter f xs

foldr :: (a > b > b) > b — [a] = b
foldr _ z [] =z
foldr f z (x:xs) = f x $ foldr f z xs
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PekypcuBHBEIE TaHHBIE — PEKYPCUBHBLIE QYHKIINHU

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)

showBT :: Show a = BinTree a — String
showBT (BLeaf a) = show a
showBT (BNode 1 r) = "{ left: " ++ showBT 1 ++
", right: ++ showBT r ++ "}"

foldBT :: (b - b - b) - (a - b) = BinTree a — b
foldBT _ 1f (BLeaf a) 1f a
foldBT nf 1f (BNode 1 r) nf (foldBT nf 1f 1) (foldBT nf 1f r)



PekypcuBHBEIE TaHHBIE — PEKYPCUBHBLIE QYHKIINHU

data JsonValue = JsonNull | JsonBool Bool | JsonNumber Rational
| JsonString String | JsonArray [JsonValue]
|

JsonObject [(String, JsonValue)]

jsToStr :: JsonValue — String
jsToStr JsonNull = "null”
jsToStr (JsonBool b) = show b
jsToStr (JsonNumber n) = show n
jsToStr (JsonString s) ='s

jsToStr (JsonArray vs)
"[" ++ (intercalate ", " . map jsToStr $ vs) + "]
jsToStr (JsonObject svs)
"“{" ++ (intercalate "\n
where showPair (s, 0) = s ++

. fmap showPair $ svs) + "}
" " ++ jsToStr o



PekypcuBHBEIE TaHHBIE — PEKYPCUBHBLIE QYHKIINHU

= JsonNull | JsonBool Bool | JsonNumber Rational
| JsonString String | JsonArray [JsonValue]
| JsonObject [(String, JsonValue)]

data JsonValue

enrat :: JsonValue — JsonValue
enrat xaJsonNull = X
enrat xa(JsonBool _) = X

enrat xa(JsonNumber _)
enrat xa(JsonString s)
enrat (JsonArray vs)

enrat (JsonObject svs)

X

maybe x JsonNumber $ readMaybe s
JsonArray $ fmap enrat vs
JsonObject $ fmap (fmap enrat) svs



[ToBTOpSAMOIIYECA TTaTTEPHEI

filter :: (a — Bool) — [a] — [a]

filter _ [] =[]

filter f (x:xs) = if f x then x:tl else tl
where t1 = filter f xs

prod :: Num a = [a] — a
prod [] =1
prod (x:xs) = x * prod xs
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[ToBTOpSAMOIIYECA TTaTTEPHEI

filter :: (a — Bool) — [a] — [a]

filter _ [] =[]

filter f (x:xs) = if f x then x:tl else tl
where t1 = filter f xs

prod :: Num a = [a] — a
prod [] =1
prod (x:xs) = x * prod xs

foldr :: (a > b - b) > b — [a] = b
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[ToBTOpSAMOIIYECA TTaTTEPHEI

filter :: (a — Bool) — [a] — [a]

filter _ [] =[]

filter f (x:xs) = if f x then x:tl else tl
where t1 = filter f xs

prod :: Num a = [a] — a
prod [] =1
prod (x:xs) = x * prod xs

foldr :: (a > b - b) > b — [a] = b

prod = foldr (%) 1
filter f = foldr (\x tl — if f x then x:tl else tl) []
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[ToBTOpSAMOIIYECA TTaTTEPHEI

filter :: (a — Bool) — [a] — [a]

filter _ [] =[]

filter f (x:xs) = if f x then x:tl else tl
where t1 = filter f xs

prod :: Num a = [a] — a
prod [] =1
prod (x:xs) = x * prod xs

foldr :: (a 2 b - b) > b — [a] = b

prod = foldr (%) 1
filter f = foldr (\x t1 — if f x then x:tl else tl) []

Bce ¢pyuknuu Buga [a] — ... mpencTtaBuMel B Bume f . foldr

[To3BoJIsIET pa3mesuTh JIOTUKY 00xona 1 06paboTKU COnepKUMOTO
PEKYPCUBHBIX HAHHBIX



HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b - b) > b = [a] = b
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HcTtoku yuuBepcanpHOCTH foldr
foldr :: (a > b > b) - b — [a] - b

b[a] =X (xb)(bb)a —> x(bb)ab

Hennc Bysgamos PexypCHBHEIE CXEMBI



HcTtoku yuuBepcanpHOCTH foldr
foldr :: (a > b > b) - b — [a] - b

b[a] =X (xb)(bb)a —> x(bb)ab

foldr :: ((a - b = b), b) = [a] = b
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a - b - b) - b — [a] = b
foldr :: ((a - b = b), b) - [a]l] = b
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b > b) > b — [a] = b
foldr :: ((a - b = b), b) —» [a] = b
plal — 4 (xb)(b”)a y p(07)%b . (0%)%b?
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b > b) > b — [a] = b
foldr :: ((a - b = b), b) —» [a] = b
plal — 4 (xb)(b”)“ _y p(07)%b . (00)b!

foldr :: ((a - b = b), () > b) »> [a] = b
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b > b) > b — [a] = b
foldr :: ((a - b = b), b) - [a]l] = b
foldr :: ((a > b = b), () > b) - [a] > b
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HcTtoku yuuBepcanpHOCTH foldr
foldr :: (a = b > b) - b = [a] = b

foldr :: ((a - b = b), b) —» [a] = b
foldr :: ((a - b =5 b), () > b) » [a] > b

b[a] =X (ajb)(bb)a _) _) a’;(bb)abl _) xbabbl
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HcTtoku yuuBepcanpHOCTH foldr

foldr
foldr
foldr

foldr

(a > b—>Db) >b —>[al] > b
((a > b > b), b) > [al] = b
((a > b —>Db), () b)) > [al > b
plal — (xb)(bb>“ ey p(B0)FBT b0

(((a, b) = b), () = b) - [a] = b
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HcTtoku yuuBepcanpHOCTH foldr

foldr
foldr
foldr
foldr

Hennc Bysgamos PeKypCuBHEIE CXEMBI

(@a=>b—=>Db) >b
((a > b - b), b)
(@ > b = b), ()
(((a, b) = b), O)

%

%
%
%

[al] = Db
[a] = b
b) - [a] = b
b) - [a] = b

18 mekabpst 2019
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HcTtoku yuuBepcanpHOCTH foldr

foldr
foldr
foldr
foldr

(a > b—>0Db) >0b
((a > b - b), b)
((a > b —> b)), ()
(((a, b) = b), ()

b[a] =

%

%
%
%

[a] = b
[al] = Db
b) - [a]l] = b
b) - [a]l] = b

(xb)(bb)a B

Hennc Bysgamos PeKypCuBHEIE CXEMBI

babbl

ab+1
— b

18 mekabpst 2019
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HcTtoku yuuBepcanpHOCTH foldr

foldr
foldr
foldr
foldr

foldr

(a > b—>Db) >b —>[al] > b

((a > b —>b), b) > [al > b

((a > b —>Db), () b)) > [al > b

(((a, b) > b), () > b) - [a] = b
plal = & (")) o S

(Either (a, b) () - b) —» [a]l] = b

babbl N xbab+1
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (@ > b - b) > b = [a] = b
foldr :: ((a > b - b), b) » [a] = b
foldr :: ((a > b = b), () > b) - [a] > b
foldr :: (((a, b) > b), () > b) = [a]l] = b

foldr :: (Either (a, b) () - b) — [a]l] = b
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (@ > b - b) > b = [a] = b
foldr :: ((a > b - b), b) » [a] = b
foldr :: ((a > b = b), () > b) - [a] > b
foldr :: (((a, b) > b), () > b) = [a]l] = b

foldr :: (Either (a, b) () - b) —» [a] = b
foldr :: (Maybe (a, b) —- b) — [a] = b
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b - b) = b
foldr :: ((a - b — b), b)
foldr :: ((a - b = b), ()
foldr :: (((a, b) = b), ()

%

%
%
%

[al] = Db
[a] = b
b) - [a] = b
b) - [a] = b

foldr :: (Either (a, b) () - b) —» [a] = b
foldr :: (Maybe (a, b) —- b) — [a] = b

newtype ListF a b = Maybe (a, b)
foldr :: (ListF a b — b) — [a] — b

Henuc By3panos PexkypcuBHEIE CXEMBI
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b - b) = b
foldr :: ((a - b — b), b)
foldr :: ((a - b = b), ()
foldr :: (((a, b) = b), ()

%

%
%
%

[al] = Db
[a] = b
b) - [a] = b
b) - [a] = b

foldr :: (Either (a, b) () - b) —» [a] = b
foldr :: (Maybe (a, b) —- b) — [a] = b

newtype ListF a b = Maybe (a, b)
foldr :: (ListF a b — b) — [a] — b

data ListF a b = Nil | Cons a b

foldr :: (ListF a b — b) — [a] — b

Henuc By3panos PexkypcuBHEIE CXEMBI
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b - b) = b
foldr :: ((a - b — b), b)
foldr :: ((a - b = b), ()
foldr :: (((a, b) = b), ()

%

%
%
%

[al] = Db
[a] = b
b) - [a] = b
b) - [a] = b

foldr :: (Either (a, b) () - b) —» [a] = b
foldr :: (Maybe (a, b) —- b) — [a] = b

newtype ListF a b = Maybe (a, b)
foldr :: (ListF a b — b) — [a] — b

data ListF a b = Nil | Cons a b

foldr :: (ListF a b — b) — [a] — b

foldr :: [a] — (ListFab — b) — b

Henuc By3panos PexkypcuBHEIE CXEMBI
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HcTtoku yuuBepcanpHOCTH foldr

foldr :: (a > b - b) = b
foldr :: ((a - b — b), b)
foldr :: ((a - b = b), ()
foldr :: (((a, b) = b), ()

-

%
%
%

[al] = Db
[a] = b
b) - [a] = b
b) - [a] = b

foldr :: (Either (a, b) () - b) —» [a] = b
foldr :: (Maybe (a, b) —- b) — [a] = b

newtype ListF a b = Maybe (a, b)
foldr :: (ListF a b — b) — [a] — b

data ListF a b = Nil | Cons a b

foldr :: (ListF a b — b) — [a] — b

foldr :: [a] — (ListFab — b) — b
X = (X = a) = a

Henuc By3panos PexkypcuBHEIE CXEMBI

C nonpaskotl Ha peKypcuio

18 mekabpst 2019

20/56



foldr: fix OJyist CIIMCKOB
foldr :: (ListF a b — b) — [a]l] — b
data ListF a b = Nil | Cons a b

Hennc Bysgamos PexypCHBHEIE CXEMBI



foldr: fix OJyist CIIMCKOB

foldr :: (ListF a b — b) — [a]l] — b
data ListF a b = Nil | Cons a b

data [a] [1 [ (:) a [al

Hennc Bysgamos PexypCHBHEIE CXEMBI



foldr: fix OJyist CIIMCKOB
foldr :: (ListFa b — b) — [a] = b
data ListF a b = Nil | Cons a b

data [a] =[1 | (:) a [a]

BcnomHum

factU :: (Integer — Integer) — Integer — Integer
factU _ 0 =1

factU rec n = n * rec (n - 1)

fact :: Integer — Integer

fact 0 = 1

fact n = n * fact (n - 1)
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foldr: fix OJyist CIIMCKOB
foldr :: (ListFa b — b) — [a] = b

data ListF a b Nil | Cons a b

data [a] =[1 | (:) a [al

BcnomHum

factU :: (Integer — Integer) — Integer — Integer

factU _ 0 =1

factU rec n = n * rec (n - 1)

fact :: Integer — Integer

fact 0 = 1

fact n = n = fact (n - 1)

fix :x (a = a) — a - ((a—>b) >a—>Db) >a—>b
fact' :: Integer — Integer

fact' = fix factu
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Fix your data
fix :: (a = a) — a -- recap

fix f =~ f(ff (...))
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Fix your data
fix :: (a = a) — a -- recap

fix f =~ f(ff (...))

newtype Fix (f :: * — x) = Fix (f (Fix f))
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Fix your data
fix :: (a = a) — a -- recap

fix f =~ f(ff (...))

newtype Fix (f :: * — x) = Fix (f (Fix f))
Fix f =~ Fix (f (Fix (f (Fix (f ...)))))
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Fix your data

fix :x (a - a) — a -- recap

fix f =~ f(ff (...))

newtype Fix (f :: * — %) = Fix (f (Fix f))
Fix f =~ Fix (f (Fix (f (Fix (f ...)))))

data [a]
data ListF a b

[1 | (:) a [a]
Nil | Cons a b
|[a] = Fix (ListF a)|
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Fix your data
fix :x (a - a) — a -- recap

fix f =~ f(ff (...))

newtype Fix (f :: * — %) = Fix (f (Fix f))
Fix f =~ Fix (f (Fix (f (Fix (f ...)))))

data [a]
data ListF a b

[1 | (:) a [a]
Nil | Cons a b
|[a] = Fix (ListF a)|

foldr :: (ListF a b — b) — [a] — b
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Fix your data
fix :x (a - a) — a -- recap

fix f =~ f(ff (...))

newtype Fix (f :: * — %) = Fix (f (Fix f))
Fix f =~ Fix (f (Fix (f (Fix (f ...)))))

data [a]
data ListF a b

[1 | (:) a [a]
Nil | Cons a b

‘[a] = Fix (ListF a)‘

foldr :: (ListF a b — b) — [a] — b
foldr :: (ListF a b — b) — Fix (ListF a) — b
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3aMeuaHure IIPo KoaupoBaHue Yépua

data ListF a b = Nil | Cons a b
foldr :: (ListF a b — b) — [a]l] — b
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3aMeuaHure IIPo KoaupoBaHue Yépua

data ListF a b = Nil |
foldr

Cons a b
(ListF a b - b) — [a] = b
class ListC a b where

nit :: b
cons :: a > b —>b
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3aMeuaHure IIPo KoaupoBaHue Yépua

data ListF a b = Nil | Cons a b
foldr :: (ListF a b — b) — [a] — b
class ListC a b where

nit :: b
cons :: a > b —>b

foldr :: ListCa b = [a] — b
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3aMeuaHure IIPo KoaupoBaHue Yépua

data ListF a b = Nil | Cons a b
foldr :: (ListF a b — b) — [a] — b
class ListC a b where

nit :: b
cons :: a > b —>b

foldr :: ListCa b = [a] — b

class Monoid a where

mempty :: a
(<) T a > a— a
fold :: Monoid a = [a] — a

Hennc Bysgamos PeKypCuBHEIE CXEMBI
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3aMeuaHure IIPo KoaupoBaHue Yépua

data ListF a b = Nil | Cons a b
foldr :: (ListF a b — b) — [a] — b
class ListC a b where

nit :: b
cons :: a > b —>b

foldr :: ListCa b = [a] — b

class Monoid a where

mempty :: a
(<) i a > a—> a
fold :: Monoid a = [a] — a
npasda, He 3abvieatime nNpo AyKascmaeo

Hennc Bysgamos PeKypCuBHEIE CXEMBI
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)

data BinTreeF a r = BLeaf a | BNode r r
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)

data BinTreeF a r = BLeaf a | BNode r r

data BinTree' a = BLeaf a | BNode (BinTree a) a (BinTree a)
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)

data BinTreeF a r = BLeaf a | BNode r r

data BinTree' a = BLeaf a | BNode (BinTree a) a (BinTree a)
data BinTreeF' a r = BLeaf a | BNode r a r
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTree a =

data BinTreeF a r = BLeaf a | BNode r r

data BinTree' a =
data BinTreeF' a r = BLeaf a | BNode r a r

foldBT (b - b —=b) - (a > b) - BinTree a = b

Hennc Bysgamos PeKypCuBHEIE CXEMBI

BLeaf a | BNode (BinTree a) (BinTree a)

BLeaf a | BNode (BinTree a) a (BinTree a)
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)

data BinTreeF a r = BLeaf a | BNode r r

data BinTree' a = BLeaf a | BNode (BinTree a) a (BinTree a)
data BinTreeF' a r = BLeaf a | BNode r a r

foldBT :: (b - b - b) - (a - b) = BinTree a — b
foldBT :: (BinTreeF a b — b) — BinTree a — b
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTree a = BLeaf a | BNode (BinTree a) (BinTree a)

data BinTreeF a r = BLeaf a | BNode r r

data BinTree' a = BLeaf a | BNode (BinTree a) a (BinTree a)
data BinTreeF' a r = BLeaf a | BNode r a r

foldBT :: (b > b - b) - (a - b) = BinTree a — b
foldBT :: (BinTreeF a b — b) — BinTree a — b
foldBT :: (BinTreeF a b — b) — Fix (BinTreeF a) — b
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTreeF a r = BLeaf a | BNode r r

foldBT :: (BinTreeF a b - b) — BinTree a — b

-— WUnn
foldBT

(BinTreeF a b = b) — Fix (BinTreeF a) — b
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PaboTaeT 1 TOT XKe IIPUEM C OPYTUMU?

data BinTreeF a r = BLeaf a | BNode r r
foldBT :: (BinTreeF a b — b) — BinTree a — b

— unn
foldBT :: (BinTreeF a b — b) — Fix (BinTreeF a) — b

showAlg :: Show a = BinTreeF a String — String

showAlg (BLeafF a) = show a
showAlg (BNodeF 1 r) = "{ left: " + 1 ++
II’ I‘ight! n +— r +—+ ||}||

depthAlg :: BinTreeF a Integer — Integer
depthAlg (BLeafF _) =0
depthAlg (BNodeF 1 r) = 1 + max 1 r
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IHaxxe yucia!

data Nat = Z | S Nat
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IHaxxe yucia!

data Nat = Z | S Nat

natRec :: (a —» a) > a — Nat — a
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IHaxxe yucia!

data Nat = Z | S Nat

natRec (a - a) > a - Nat — a

data NatF r = Z | S r
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IHaxxe yucia!

data Nat = Z | S Nat

natRec (a - a) > a - Nat — a

data NatF r = Z | S r

Nat = Fix NatF
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IHaxxe yucia!

data Nat = Z | S Nat

natRec (a - a) > a - Nat — a

data NatF r = Z | S r

Nat = Fix NatF

natRec (NatF a — a) — Nat — a
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IHaxxe yucia!

data Nat = Z | S Nat

natRec :: (a —» a) > a — Nat — a

data NatF r = Z | S r

Nat = Fix NatF

natRec :: (NatF a —» a) — Nat — a

natRec :: (NatF a — a) — Fix NatF — a
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Pazgen 4

CoOCTBEHHO, PEKYPCUBHBIE CXEMBI

Henuc Bysgamos PexypCHBHEIE CXEMBI



CBEpPTKU

foldr :: (ListF a b — b) — Fix (ListF a) - b
foldBT :: (BinTreeF a b — b) — Fix (BinTreeF a) — b
natRec :: (NatF b — b) = Fix NatF - b
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KaTtamopdusm

foldr :: (ListF a b — b) — Fix (ListF a) - b
foldBT :: (BinTreeF a b — b) — Fix (BinTreeF a) — b
natRec :: (NatF b — b) = Fix NatF - b
cata :: Functor dataF = (dataF b — b) — Fix dataF — b
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KaTtamopdusm

foldr :: (ListF a b — b) — Fix (ListF a) — b
foldBT :: (BinTreeF a b — b) — Fix (BinTreeF a) — b
natRec :: (NatF b — b) — Fix NatF - b
cata :: Functor dataF = (dataF b — b) — Fix dataF — b

Kamamopgpu3sm — usmeHeHue 20pHblX NOpo0 8 8epxHel 30He 3e MHOU
KOopbl nod saussHuUeM 8o30elucmeus ammoc@epsbl U UUPKYyAAuUU NoOo-
3eMHbIX 800



KaTtamopdusm

foldr :: (ListF a b — b) — Fix (ListF a) - b
foldBT :: (BinTreeF a b — b) — Fix (BinTreeF a) — b
natRec :: (NatF b — b) — Fix NatF - b
cata :: Functor dataF = (dataF b — b) — Fix dataF — b

Kamamoppusm — obobweHue onepauuu c8EpMKU HA NPOU3BO/IbHbIE
aneebpaudeckue munvl OAHHbIX, ONUCAHHbIE NPU NOMOW,U HAYAAbHBIX
asnzeebp



Karamep®hu3M (BCIIOMHUM IIPUMEP)

data JsonValue = JsonNull | JsonBool Bool | JsonNumber Rational
| JsonString String | JsonArray [JsonValue]
|

JsonObject [(String, JsonValue)] -- recap

enrat :: JsonValue — JsonValue

enrat xaJsonNull = X

enrat xa(JsonBool _) = x

enrat xa(JsonNumber _) = X

enrat xa(JsonString s) maybe x JsonNumber $ readMaybe s
enrat (JsonArray vs) JsonArray $ fmap enrat vs

enrat (JsonObject svs) = JsonObject $ fmap (fmap enrat) svs
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KaTtamopdusm

data JsonValueF r JsonNullF| JsonBoolF Bool | JsonNumberF Rational

| JsonStringF String | JsonArrayF [r]
| JsonObjectF [(String, r)]

enrat :: Fix JsonValueF — Fix JsonValueF
enrat = cata $ Fix . eAlg where

eAlg xa(JsonStringF s) = maybe x JsonNumberF $ readMaybe s
eAlg x = X
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Pazmen 5

Ba3oBble GYHKTOPEI: aBTOMATU3AIIUS U YIPOIIEHUS

Henuc Bysgamos PexypCHBHEIE CXEMBI



ba30BbIl QYHKTOP

data XF r = X1F Int | X2F String (Either Int r)
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ba30BbIl QYHKTOP

data XF r = X1F Int | X2F String (Either Int r)
instance Functor XF where

fmap _ (X1F i) = X1F 1
fmap f (X2F s ei) = X2F s $ fmap f ei
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ba30BbIl QYHKTOP

data XF r = X1F Int | X2F String (Either Int r)
instance Functor XF where

fmap _ (X1F 1) = X1F 1
fmap f (X2F s ei) = X2F s $ fmap f ei

data XF r = X1F Int | X2F String (Either Int r)
deriving (Functor)

Hennc Bysgamos PeKypCuBHEIE CXEMBI
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ba30BbIl QYHKTOP

data XF r = X1F Int | X2F String (Either Int r)
instance Functor XF where

fmap _ (X1F 1) = X1F 1
fmap f (X2F s ei) = X2F s $ fmap f ei

data XF r = X1F Int | X2F String (Either Int r)
deriving (Functor)

data YF r = Y1F Int | Y2F String (Either r Int)
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ba30BbIl QYHKTOP

data XF r = X1F Int | X2F String (Either Int r)
instance Functor XF where

fmap _ (X1F 1) = X1F 1
fmap f (X2F s ei) = X2F s $ fmap f ei

data XF r = X1F Int | X2F String (Either Int r)
deriving (Functor)

data YF r = Y1F Int | Y2F String (Either r Int)

instance Functor YF where
fmap _ (Y1F 1) = YIF 1
fmap f (Y2F s ei) = Y2F s $ mapLeft f ei

Hennc Bysgamos PeKypCuBHEIE CXEMBI
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ba30BbIl QYHKTOP

data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
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ba30BbIl QYHKTOP

data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor)
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ba30BbIl QYHKTOP

data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor)

data ZF r = Z1F Int | Z2F String (Either r (Int, r))
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ba30BbIl QYHKTOP

data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor)

data ZF r = Z1F Int | Z2F String (Either r (Int, r))

instance Functor ZF where
fmap _ (Z1F 1) = Z1F i
fmap f (Z2F s ei) = Z2F s $ mapLeft f . fmap (fmap f) $ ei

Ienuc Bysnanos PeKypCHBHBEIE CXEMEI 18 mexaGpst 2019 33/56



ABTOMaTHUYeCKasi TeHepalius 6a30Boro GyHKTOpPa

Ienuc Byspanos PexypCHBHEIE CXEMBI



ABTOMaTHUYeCKasi TeHepalius 6a30Boro GyHKTOpPa

{-# LANGUAGE TemplateHaskell, DeriveFunctor -#}
{-# LANGUAGE DeriveFoldable, DeriveTraversable #-}
import Data.Functor.Foldable.TH (makeBaseFunctor)
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ABTOMaTHUYeCKasi TeHepalius 6a30Boro GyHKTOpPa

{-# LANGUAGE TemplateHaskell, DeriveFunctor -#}
{-# LANGUAGE DeriveFoldable, DeriveTraversable #-}
import Data.Functor.Foldable.TH (makeBaseFunctor)

data Z = 71 Int | Z2 String (Either Char (Int, Z))
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ABTOMaTHUYeCKasi TeHepalius 6a30Boro GyHKTOpPa

{-# LANGUAGE TemplateHaskell, DeriveFunctor -#}
{-# LANGUAGE DeriveFoldable, DeriveTraversable #-}
import Data.Functor.Foldable.TH (makeBaseFunctor)

data Z = 71 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z
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ABTOMaTHUYeCKasi TeHepalius 6a30Boro GyHKTOpPa

{-# LANGUAGE TemplateHaskell, DeriveFunctor -#}
{-# LANGUAGE DeriveFoldable, DeriveTraversable #-}
import Data.Functor.Foldable.TH (makeBaseFunctor)

data Z = 71 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z

-- automatically generated:
data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor, Foldable, Traversable)
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ABTOMaTHUYeCKasi TeHepalius 6a30Boro GyHKTOpPa

{-# LANGUAGE TemplateHaskell, DeriveFunctor -#}
{-# LANGUAGE DeriveFoldable, DeriveTraversable #-}
import Data.Functor.Foldable.TH (makeBaseFunctor)

data Z = 71 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z

-- automatically generated:
data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor, Foldable, Traversable)

traverse :: (Traversable t, Applicative f)
= (a > fb) > ta—>f(tbhb)
foldr :: Foldable f = (a > b -5 b) > b > ta —>b
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Tak nmu HyXeH Fix, ecnu DataF creHepupoBaH u3 Data?

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

Hennc Bysgamos PexypCHBHEIE CXEMBI



Tak nmu HyXeH Fix, ecnu DataF creHepupoBaH u3 Data?

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

Data = DataF Data = Fix DataF
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Tak nmu HyXeH Fix, ecnu DataF creHepupoBaH u3 Data?

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
Data +— DataF Data +— Fix DataF

cata :: Functor dataF = (dataF a — a) — Data — a -— 2?2
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Tak nmu HyXeH Fix, ecnu DataF creHepupoBaH u3 Data?

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
Data +— DataF Data +— Fix DataF
cata :: Functor dataF = (dataF a — a) — Data — a -— 2?2

Kak MBI MOXK€eM BBIpa3UTh 3aBUCUMOCTb Mexkay Data u DataF?



Tak nmu HyXeH Fix, ecnu DataF creHepupoBaH u3 Data?

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
Data +— DataF Data +— Fix DataF
cata :: Functor dataF = (dataF a — a) — Data — a -— 2?2

Kak MBI MOXK€eM BBIpa3UTh 3aBUCUMOCTb Mexkay Data u DataF?

class Recursive' (t :: *) (base :: * — ) where
project' :: t — base t
cata :: Recursive' t base = (basea — a) > t — a



Tak nmu HyXeH Fix, ecnu DataF creHepupoBaH u3 Data?

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
Data +— DataF Data +— Fix DataF
cata :: Functor dataF = (dataF a — a) — Data — a -— 2?2

Kak MBI MOXK€eM BBIpa3UTh 3aBUCUMOCTb Mexkay Data u DataF?

class Recursive' (t :: *) (base :: * — ) where
project' :: t — base t
cata :: Recursive' t base = (basea — a) > t — a

type family Base (t :: %) & * — %
class Recursive (t :: *) where
project :: t — (Base t) t

cata :: Recursive t = (Base t a —» a) > t — a



Ba3oBbie QYHKTOPHI

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

type family Base (t :: %) i * = *

class Functor (Base t) = Recursive (t :: *) where
project :: t — Base t t
cata :: Recursive t = (Base t a —» a) - t — a
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Ba3oBbie QYHKTOPHI

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

type family Base (t :: %) i * = *

class Functor (Base t) = Recursive (t :: *) where
project :: t — Base t t
cata :: Recursive t = (Base t a —» a) - t — a

data ListF a r = Nil | Cons a r
type instance Base [a] = ListF a
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Ba3oBbie QYHKTOPHI

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

type family Base (t :: %) i * = *

class Functor (Base t) = Recursive (t :: *) where
project :: t — Base t t
cata :: Recursive t = (Base t a —» a) - t — a

data ListF a r = Nil | Cons a r
type instance Base [a] = ListF a

type instance Base JsonValue = JsonValueF
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Ba3oBbie QYHKTOPHI

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

type family Base (t :: %) i * = *

class Functor (Base t) = Recursive (t :: *) where
project :: t — Base t t
cata :: Recursive t = (Base t a —» a) - t — a

data ListF a r = Nil | Cons a r
type instance Base [a] = ListF a

type instance Base JsonValue = JsonValueF

type instance Base (Fix f) = —— ?7?2?
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cata :: Functor dataF = (dataF a — a) — Fix dataF — a

type family Base (t :: %) i * = *

class Functor (Base t) = Recursive (t :: *) where
project :: t — Base t t
cata :: Recursive t = (Base t a —» a) - t — a

data ListF a r = Nil | Cons a r
type instance Base [a] = ListF a

type instance Base JsonValue = JsonValueF

type instance Base (Fix f) = —— ?7?2?
.F
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Ba3oBbie QYHKTOPHI

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

type family Base (t :: %) i * = *

class Functor (Base t) = Recursive (t :: *) where
project :: t — Base t t
cata :: Recursive t = (Base t a —» a) - t — a

data ListF a r = Nil | Cons a r
type instance Base [a] = ListF a

type instance Base JsonValue = JsonValueF

type instance Base (Fix f) = —— ?7?2?
.F

data Nat = Z | S Nat
type instance Base Nat = —- 777
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Ba3oBbie QYHKTOPHI

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

type family Base (t :: %) i * = *

class Functor (Base t) = Recursive (t :: *) where
project :: t — Base t t
cata :: Recursive t = (Base t a —» a) - t — a

data ListF a r = Nil | Cons a r
type instance Base [a] = ListF a

type instance Base JsonValue = JsonValueF

type instance Base (Fix f) = —— ?7?2?
.F

data Nat = Z | S Nat

type instance Base Nat = —- 777
Maybe
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ABTOMaTHuecKasi reHepalius uaMop@pusmMa

data Z = Z1 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z
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ABTOMaTHuecKasi reHepalius uaMop@pusmMa

data Z = Z1 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z

-- automatically generated:
data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor, Foldable, Traversable)
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ABTOMaTHuecKasi reHepalius uaMop@pusmMa

data Z = Z1 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z

-- automatically generated:
data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor, Foldable, Traversable)

type instance Base Z = ZF
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ABTOMaTHuecKasi reHepalius uaMop@pusmMa

data Z = Z1 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z

-- automatically generated:
data ZF r = Z1F Int | Z2F String (Either Char (Int, r))
deriving (Functor, Foldable, Traversable)

type instance Base Z = ZF

instance Recursive Z where
project (Z1 x) Z1F X
project (Z2 s ei) = Z2F s ei
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ABTOMaTHuecKasi reHepalius uaMop@pusmMa

data Z = Z1 Int | Z2 String (Either Char (Int, Z))

makeBaseFunctor ''Z

-- automatically generated:

data ZF r = Z1F Int | Z2F String (Either Char (Int, r))

deriving (Functor, Foldable, Traversable)
type instance Base Z = ZF

instance Recursive Z where
project (Z1 x) Z1F X
project (Z2 s ei) = Z2F s ei

instance Corecursive Z where
embed (Z1F x) = 71 x
embed (Z2F s ei) 72 s ei

Hennc Bysgamos PeKypCuBHEIE CXEMBI

18 mekabpst 2019

37/56



CTapsiid IIPpUMEP B HOBOU OfeXKe

enrat :: Fix JsonValueF — Fix JsonValueF -- recap
enrat = cata $ Fix . eAlg where

eAlg xa(JsonStringF s) = maybe x JsonNumberF $ readMaybe s

eAlg x = X
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CTapsiid IIPpUMEP B HOBOU OfeXKe

enrat :: Fix JsonValueF — Fix JsonValueF -- recap
enrat = cata $ Fix . eAlg where
eAlg xa(JsonStringF s) = maybe x JsonNumberF $ readMaybe s

eAlg x = X

enrat' :: JsonValue — JsonValue

enrat' = cata $ embed . eAlg where
eAlg xa(JsonStringF s) = maybe x JsonNumberF $ readMaybe s
eAlg x = X
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CTapsiid IIPpUMEP B HOBOU OfeXKe

enrat :: Fix JsonValueF — Fix JsonValueF -- recap
enrat = cata $ Fix . eAlg where
eAlg xa(JsonStringF s) = maybe x JsonNumberF $ readMaybe s

eAlg x = X

enrat' :: JsonValue — JsonValue

enrat' = cata $ embed . eAlg where
eAlg xa(JsonStringF s) = maybe x JsonNumberF $ readMaybe s
eAlg x = X

enrat :: JsonValue — JsonValue

enrat = cata $ enratAlg . embed where
eAlg xa(JsonString s) = maybe x JsonNumber $ readMaybe s
eAlg x = X



Pazgen 6

EcTb 11 K13Hb IOCJIie KaTaMopduimMa?

Henuc Bysgamos PexypCHBHEIE CXEMBI



3a KaTaMoppu3MOM

cata :: Functor dataF = (dataF a — a) — Fix dataF — a

cata :: Recursive t = (Baseta > a) > t — a
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3a KaTaMoppu3MOM

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
cata :: Recursive t = (Baset a — a) >t — a
foldr :: (a - b - b) > b = [a] = b
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3a KaTaMoppu3MOM

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
cata :: Recursive t = (Base t a —» a) > t — a
foldr :: (a 2 b - b) > b — [a] = b

Haxomgunu nu Be ce0s 3a HanucaHueM QYHKIIUY CIIedyIoIlero Buma?

f :: [X] — Res

f = fst . foldr f (initRes, initSt)
where f x (res, st) = (combined x res st, updated st)
combined x st res =
updated st =



3uromopdpusm

cata :: Functor dataF
= (dataF a — a) — Fix dataF — a

cata :: Recursive t
= (Base t a - a) >t — a

Hennc Bysgamos PexypCHBHEIE CXEMBI



3uromopdpusm

cata :: Functor dataF
= (dataF a — a) — Fix dataF — a

zygo :: Functor dataF
= (dataF b - b) — (dataF (b, a) — a) — Fix dataF — a

cata :: Recursive t
= (Base t a - a) >t — a

zygo :: Recursive t
= (Base t b - b) - (Base t (b, a) > a) > t — a
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[Ipumep 3uromopdpurusmMa

showAlg :: Show a = BinTreeF a String — String --recap
showAlg (BLeafF a) = show a
showAlg (BNodeF 1 r) = "{left: " + 1 + ", right: " + r + "}"
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[Ipumep 3uromopdpurusmMa

showAlg :: Show a = BinTreeF a String — String --recap
showAlg (BLeafF a) = show a

showAlg (BNodeF 1 r) = "{left: " + 1 + ", right: " + r + "}"

data Color = Red | Green | Blue

deriving (Show, Eq, Ord, Enum, Bounded)
nextColor :: Color — Color
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[Ipumep 3uromopdpurusmMa

showAlg :: Show a = BinTreeF a String — String --recap
showAlg (BLeafF a) = show a

showAlg (BNodeF 1 r) = "{left: " + 1 + ", right: " + r + "}"

data Color = Red | Green | Blue

deriving (Show, Eq, Ord, Enum, Bounded)
nextColor :: Color — Color

colorsAlg :: BinTreeF a Color — Color
colorsAlg (BLeafF _) Red

colorsAlg (BNodeF 1 r) nextColor $ max 1 r
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[Ipumep 3uromopdpurusmMa

showAlg :: Show a = BinTreeF a String — String --recap
showAlg (BLeafF a) = show a
showAlg (BNodeF 1 r) = "{left: " + 1 + ", right: " + r + "}"

data Color = Red | Green | Blue
deriving (Show, Eq, Ord, Enum, Bounded)

nextColor :: Color — Color
colorsAlg :: BinTreeF a Color — Color
colorsAlg (BLeafF _) = Red

colorsAlg (BNodeF 1 r) = nextColor $ max 1 r

colorify :: (Color, String) — String
colorify (c,s) = "<font color=" ++ show ¢ ++ ">" ++ s ++ "</font>"
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[Ipumep 3uromopdpurusmMa

showAlg :: Show a = BinTreeF a String — String --recap
showAlg (BLeafF a) = show a
showAlg (BNodeF 1 r) = "{left: " + 1 + ", right: " + r + "}"

data Color = Red | Green | Blue
deriving (Show, Eq, Ord, Enum, Bounded)

nextColor :: Color — Color
colorsAlg :: BinTreeF a Color — Color
colorsAlg (BLeafF _) = Red

colorsAlg (BNodeF 1 r) = nextColor $ max 1 r

colorify :: (Color, String) — String
colorify (c,s) = "<font color=" ++ show ¢ ++ ">" ++ s ++ "</font>"

showColored :: Show a = BinTree a — String
showColored = zygo colorsAlg (showAlg . fmap colorify)



OO0o6mIeHus (YacTHBIE CIy4Yan) KaTamopdu3Ma

cata :: Functor dataF
= (dataF a — a) — Fix dataF — a

cata :: Recursive t
= (Base t a - a) >t > a
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OO0o6mIeHus (YacTHBIE CIy4Yan) KaTamopdu3Ma

cata :: Functor dataF
= (dataF a — a) — Fix dataF — a

zygo :: Functor dataF
= (dataF b - b) — (dataF (b, a) — a) — Fix dataF — a

cata :: Recursive t
= (Base t a - a) >t = a

zygo :: Recursive t
= (Base t b - b) —» (Base t (b, a) > a) > t — a
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[Tapamopdu3m

cata

Zygo

para

cata

zygo

para

=

Functor dataF

Functor dataF

(dataF a — a) — Fix dataF — a

(dataF b —» b) — (dataF (b, a) —» a) — Fix dataF — a

Functor dataF

(dataF (Fix dataF, a) — a) — Fix dataF — a

Recursive t

Recursive t

(Base t a - a) >t = a

(Base t b > b) —» (Base t (b, a) > a) > t — a

Recursive t

(Base t (t, a) > a) > t = a
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Pazgen 7

A HaobopoT?

Ienuc Byspanos PexypCHBHEIE CXEMBI



OOpaTHas CBEPTKE

nmlist :: Integer — Integer — [Integer] -- recap
nmlist nm | n >m =[]
| otherwise = n : nmlist (n + 1) m
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OOpaTHas CBEPTKE

nmlist :: Integer — Integer — [Integer] -- recap
nmlist nm | n > m =[]
| otherwise = n : nmlist (n + 1) m

unfoldr :: (b — Maybe (a, b)) = b — [a]
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OOpaTHas CBEPTKE
nmlist :: Integer — Integer — [Integer]
nmlist nm | n > m =[]
| otherwise = n : nmlist (n + 1) m

unfoldr :: (b — Maybe (a, b)) > b — [a]

nmlist n m = unfoldr f n where
fx | x>m Nothing
| otherwise = Just (x, x + 1)

Hennc Bysgamos PeKypCuBHEIE CXEMBI
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OOpaTHas CBEPTKE
nmlist :: Integer — Integer — [Integer] -- recap
nmlist nm | n > m =[]
| otherwise = n : nmlist (n + 1) m

unfoldr :: (b — Maybe (a, b)) > b — [a]

nmlist n m = unfoldr f n where
fx | x>m Nothing
| otherwise = Just (x, x + 1)

JIobvle pyHKUuu suda ... — [a] moz2ym 6bimb evipasceHbvl yepe3 unfoldr



OOpaTHas CBEPTKE
nmlist :: Integer — Integer — [Integer] -- recap
nmlist nm | n > m =[]
| otherwise = n : nmlist (n + 1) m

unfoldr :: (b — Maybe (a, b)) > b — [a]

nmlist n m = unfoldr f n where
fx | x>m Nothing
| otherwise = Just (x, x + 1)

JIobvle pyHKUuu suda ... — [a] moz2ym 6bimb evipasceHbvl yepe3 unfoldr

insertSort :: Ord a = [a] — [a]
insertSort = unfoldr f where
f [] Nothing
f xs Just (m, delete m xs)
where m = minimum Xs



OOpaTHas CBEPTKE

unfoldr :: (b — Maybe (a, b)) = b — [al]
data ListF a b = Nil | Cons a b
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OOpaTHas CBEPTKE

unfoldr :: (b — Maybe (a, b)) = b — [al]
data ListF a b = Nil | Cons a b
Maybe (a, b) = ListFab
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OOpaTHas CBEPTKE

unfoldr :: (b — Maybe (a, b)) = b — [al]
data ListF a b = Nil | Cons a b

Maybe (a, b) = ListFab
unfoldr :: (b — ListF a b) - b — [a]

Hennc Bysgamos PeKypCuBHEIE CXEMBI



OOpaTHas CBEPTKE

unfoldr :: (b — Maybe (a, b)) = b — [a]
data ListF a b = Nil | Cons a b

Maybe (a, b) = ListFab
unfoldr :: (b — ListF a b) - b — [a]

[a] = Fix (ListF a)
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OOpaTHas CBEPTKE

unfoldr :: (b — Maybe (a, b)) = b — [a]
data ListF a b = Nil | Cons a b
Maybe (a, b) = ListFab
unfoldr :: (b — ListF a b) - b — [a]
[a] = Fix (ListF a)
unfoldr :: (b — ListF a b) — b — Fix ListF
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OOpaTHas CBEPTKE

unfoldr :: (b — Maybe (a, b)) = b — [a]
data ListF a b = Nil | Cons a b
Maybe (a, b) = ListFab
unfoldr :: (b — ListF a b) - b — [a]
[a] = Fix (ListF a)
unfoldr :: (b — ListF a b) — b — Fix ListF
HanpammBaeTcst 06006111eHIE

ana :: Functor dataF = (b — dataF b) — b — Fix dataF



AramMoppu3M

foldr i (a—>b—>b) b — [al = b
cata :: Functor dataF = (dataF a — a) — Fix dataF — a
cata :: Recursive t = (Base ta > a) >t — a
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AramMoppu3M

foldr :: (a=>b—=>Db) b — [a] = b

unfoldr :: (b — Maybe (a, b)) = b — [a]

cata :: Functor dataF
ana :: Functor dataF
cata :: Recursive t

ana :: Corecursive t

=

=

=

=

(dataF a — a) — Fix dataF — a

(a — dataF a) — a — Fix dataF

(Base ta » a) >t = a

(a > Base ta) > a — t
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O00011IeHNSa 1 aHaJIOTUU

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
ana :: . . . = (a — dataF a) — a — Fix dataF
cata :: Recursive t = (Base t a — a) >t > a
ana :: Corecursive t = (a — Base t a) - a -t
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O00011IeHNSa 1 aHaJIOTUU

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
para :: Functor dataF = (dataF (t, a) — a) — Fix dataF — a
ana :: . . . = (a — dataF a) — a — Fix dataF
cata :: Recursive t = (Base t a - a) -t > a
para :: Recursive t = (Base t (t, a) — a) -t - a
ana :: Corecursive t = (a — Base t a) - a -t
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Anomopdpusm

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
para :: Functor dataF = (dataF (t, a) — a) — Fix dataF — a
ana :: . . . = (a — dataF a) — a — Fix dataF
apo :: . . . = (a — dataF (Either t a)) — a — Fix dataF
cata :: Recursive t = (Base t a - a) -t > a
para :: Recursive t = (Base t (t, a) — a) -t - a
ana :: Corecursive t = (a — Base t a) - a -t
apo :: Corecursive t = (a — Base t (Either t a)) > a = t



Refold

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
ana :: Functor dataF = (a — dataF a) — a — Fix dataF

Hennc Bysgamos PexypCHBHEIE CXEMBI



Refold

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
ana :: Functor dataF = (a — dataF a) — a — Fix dataF

ITocTpouTh, 3aTEM pPa3obpaTh
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Refold

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
ana :: Functor dataF = (a — dataF a) — a — Fix dataF

[TocTpouTh, 3aTEM pPa3obpaTh
hylo :: Functor dataF = (dataF b - b) —» (a — dataF a) > a = b
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Refold

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
ana :: Functor dataF = (a — dataF a) — a — Fix dataF

ITocTpouTh, 3aTEM pPa3obpaTh

hylo :: Functor dataF = (dataF b - b) —» (a — dataF a) > a = b

Pazob6paTh u nepecobpath

meta :: (Functor DatlF, Functor Dat2F)
= (DatlF a —» a) — (a — Dat2F a) — Fix DatlF — Fix Dat2F

meta :: (Recursive t, Corecursive f)
= (Base ta > a) > (a > Base fa) >t > f



Refold

cata :: Functor dataF = (dataF a — a) — Fix dataF — a
ana :: Functor dataF = (a — dataF a) — a — Fix dataF

ITocTpouTh, 3aTEM pPa3obpaTh

hylo :: Functor dataF = (dataF b - b) —» (a — dataF a) > a = b

Pazob6paTh u nepecobpath

meta :: (Functor DatlF, Functor Dat2F)
= (DatlF a —» a) — (a — Dat2F a) — Fix DatlF — Fix Dat2F

meta :: (Recursive t, Corecursive f)
= (Base ta > a) > (a > Base fa) >t > f

meta :: (Recursive t, Corecursive f)
= (Base ta —> a) > (a —>b) > (b > Base fb) >t —>f



K nnpuMeHeHuU1o

B0o3MO0OXHO, HECKOJIBKO HeoXunaHHas 00J1acThb...

Hennc Bysgamos PexypCHBHEIE CXEMBI



K nnpuMeHeHuU1o

B0o3MO0OXHO, HECKOJIBKO HeoXunaHHas 00J1acThb...

e Karamopdusm

» Encoding Recurrent Neural Networks
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K nnpuMeHeHuU1o

B03MO0XHO, HECKOJIPKO HeOXHUIaHHas 00J1acThk...
e Karamopdusm
» Encoding Recurrent Neural Networks
» Recursive Neural Networks (TreeNets)

@ A"HaMmopdpusm
» Generating Recurrent Neural Networks
» Inverse TreeNets
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» General Recurrent Neural Networks



K nnpuMeHeHuU1o

B03M0KHO, HECKOJIBKO HeOXHUaHHas 00J1acCThb...
e Katamopduzm
» Encoding Recurrent Neural Networks
» Recursive Neural Networks (TreeNets)

@ A"HaMmopdpusm
» Generating Recurrent Neural Networks
» Inverse TreeNets

@ Mertamopduizm I'mb660oHCa
» General Recurrent Neural Networks

o KoMmOuHaIus MeTa- U XUI0OMOPPHU3IMOB
» Bidirectional Recursive Neural Networks



YacTHBIN Ccllydyan

hylo :: (Recursive t, Corecursive f)
= (Base t b > b) - (a > Base fa) > a —> b

zygo :: Recursive t
= (Base t b - b) - (Base t (b, a) > a) > t — a

Hennc Bysgamos PexypCHBHEIE CXEMBI



YacTHBIN Ccllydyan

hylo :: (Recursive t, Corecursive f)
= (Base t b > b) - (a » Base fa) > a —>b

zygo :: Recursive t
= (Base t b - b) - (Base t (b, a) > a) > t — a

Ecnu 3aHMMaThLCS HepeHaKOBKOfI

hylo' :: (Recursive t, Corecursive f)
= (Base f (b, f) » f) - (t - Base t (b, f)) > t - f

zygo' :: Recursive t
= (Base t b — b) — (Base t (b, f) > f) >t - f
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YacTHBIN Ccllydyan

hylo :: (Recursive t, Corecursive f)
= (Base t b > b) - (a » Base fa) > a —>b

zygo :: Recursive t
= (Base t b - b) - (Base t (b, a) > a) > t — a

Ecnu 3aHMMaThLCS HepeHaKOBKOfI

hylo' :: (Recursive t, Corecursive f)
= (Base f (b, f) » f) - (t - Base t (b, f)) > t - f

zygo' :: Recursive t
= (Base t b — b) — (Base t (b, f) > f) >t - f

@ hylo u zygo UMeIOT ITapaslyieNibHO paboTaoInrue aareoph



YacTHbIN Ccllydyan

hylo :: (Recursive t, Corecursive f)
= (Base t b > b) - (a » Base fa) > a —>b

zygo :: Recursive t
= (Base t b - b) - (Base t (b, a) > a) > t — a

Ecnu 3aHMMaThLCS HepeHaKOBKOfI

hylo' :: (Recursive t, Corecursive f)
= (Base f (b, f) » f) - (t - Base t (b, f)) > t - f

zygo' :: Recursive t
= (Base t b — b) — (Base t (b, f) > f) >t - f

@ hylo u zygo UMeIOT ITapaslyieNibHO paboTaoInrue aareoph

@ HO B zygo - COHAIpaBJIeHHEIE, a hylo - MpOTUBOHANIPaBIIEHHEIE



Pazgen 8

3aKIIIOYUTENTbHBIA

Ienuc Byspanos PexypCHBHEIE CXEMBI



Buunu [Iyx u Bce-Bce-Bce

o folds

» kamamoppu3m
napamopgusm
3u2o0Mmoppuam
xucToMopdu3M
npenpoMopdpuM

» 3UTOXHUCTOMOPOHEIN TPEeNnPOMOpPGU3IM
e unfolds

» aHamopdu3m

» anomopgu3m

» dbyTyMopdu3M

> rmocTopoMopdhu3M
e refolds

» xusaomopgusm
XpoHOMOPDU3IM
CUHXPOMOPPHU3IM
9K30MOpPGU3IM
Mmemamopgpuam I'ubboHca
ouHaMophuam
anreOpHl ¥ KoanreOprl Iarora

vvyyvyy

VVvVVvVYVYyYVYY



Buunu [Iyx u Bce-Bee-BCe He BCe

o folds

» kamamoppu3m
napamopgusm
3u2o0Mmoppuam
xucToMopdu3M
npenpoMopdpuM

» 3UTOXHUCTOMOPOHEIN TPEeNnPOMOpPGU3IM
e unfolds

» aHamopdu3m

» anomopgu3m

» dbyTyMopdu3M

> rmocTopoMopdhu3M
e refolds

» xusaomopgusm
XpoHOMOpPDH3IM
CUHXPOMOPPHU3IM
9K30MOpPGU3IM
Mmemamopgpuam I'ubboHca
ouHaMophuam
anreOpHl ¥ KoanreOprl Iarora

vvyyvyy

VVvVVvVYVYyYVYY



bes3 cTeCHEeHUs BOOXHOBJIISAJICA

@ Harold Carr, Refactoring Recursion (2019)

@ Jeremy Gibbons, Origami programming (2003)

@ Alexander Konovalov, Recursion schemes, algebras, finall tagless, data
types (2019)

Tim Williams, Recursion Schemes (2013)

Pawet Szulc, Going bananas with recursion schemes for fixed point data
types (2017)

@ Edward Kmett’s library and blogposts

@ Matryoshka library (examples, blogposts, external resources list)

°

°

Oner Huxuukos, CoBpemennoe ®IT ¢ Tagless Final (2018)
Christopher Olah, Neural Networks, Types, and Functional Programming
(2015)

@ Rob Norris, Pure Functional Database Programming with Fixpoint Types
(2016)

@ Y MHOTMMHU OPYTHMHU...

3/1eMeHMbl CNUCKA HaxXcumabe nbHbl
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https://www.youtube.com/watch?v=F5NjINDNwYc
https://www.cs.ox.ac.uk/jeremy.gibbons/publications/origami.pdf
https://www.youtube.com/watch?v=q_xPKaAcWtI
https://www.youtube.com/watch?v=q_xPKaAcWtI
https://www.youtube.com/watch?v=Zw9KeP3OzpU
https://www.youtube.com/watch?v=IlvJnkWH6CA
https://www.youtube.com/watch?v=IlvJnkWH6CA
https://hackage.haskell.org/package/recursion-schemes
http://comonad.com/reader/2009/recursion-schemes/
https://github.com/slamdata/matryoshka#external-resources
https://www.youtube.com/watch?v=sWEtnq0ReZA
http://colah.github.io/posts/2015-09-NN-Types-FP/
http://colah.github.io/posts/2015-09-NN-Types-FP/
https://www.youtube.com/watch?v=7xSfLPD6tiQ
https://www.youtube.com/watch?v=7xSfLPD6tiQ
https://jtobin.io/practical-recursion-schemes

Cmiacu00, 94TO JOCHyIIann

Bormpocsr?

Henuc Bysgamos PexypCHBHEIE CXEMBI
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